The necessity for experimental verification of leakage currents using Sm-doped ceria electrolytes (SDC) in solid-oxide fuel cells (SOFCs) has been indicated. This paper describes the theoretical limitations of Wagner's equation and details the analytical work that has been performed to support the experimental results. These limitations cannot be solved, even considering polarization voltage losses. Globally, there are several research groups working on SOFCs to solve the current-voltage relation with mixed ionic electronic solid conductors (MIECs). However, this problem must be solved considering the electric field (E) in MIECs. Thus, even though articles have already been published in similar areas, no approach has been taken within this body of work that considers the E in MIECs. In this report, a new calculation method considering E is expressed only from Wagner's equation, with continuity expressed using the Choudhury and Patterson style. The calculated results match the values from conventional models. The constant field approximation is verified using the conventional definition of E. However, the definition of E should be changed when there is a large voltage drop in the thin area of the electrolyte compared with the lattice constant. In this study, the electric field near the cathode is sufficiently large to cause dielectric breakdown, which has never been reported.
INTRODUCTION
Solid-oxide fuel cells (SOFCs) directly convert the chemical energy of fuel gases, such as hydrogen or methane, into electrical energy. In SOFCs, a solid-oxide film is used as the electrolyte. Oxygen ions serve as the main charge carriers in the electrolyte. In these cells, YSZ (yttria-stabilized zirconia) is typically used as the electrolyte material. If the operating temperature (873-1273 K) were lowered, the lifespan of the cells would be extended. Lowering the temperature enables the use of higher ion-conducting electrolyte materials, such as Sm-doped ceria electrolytes (SDC). However, the open current voltage (OCV) using an SDC cell is about 0.8 V, which is lower than the Nernst voltage (Vth = 1.15 V). This low OCV value is considered to be due to the low value of the ionic transference number (tion). OCV is expressed as (1) t ion = R e R i + R e (2) where R is the gas constant, T is the absolute temperature in Kelvin, p O 2 and p O 2 are the oxygen partial pressures at the cathode and anode, respectively, and Ri and Re are the ionic resistance and the electronic resistance of the electrolyte, respectively. The energy conversion efficiency of SOFCs is determined by the ratio of the operating voltage to *Address correspondence to this author at the 1-6-3, Mitsuya-kita, Yodogawa-ku, Osaka, 532-0032, Japan; Tel: 090-1204-1259; Fax: +81-797-32-6171; E-mail: tom_miya@ballade.plala.or.jp the theoretical voltage. Consequently, the investigation of voltage loss in the OCV is very important. In general, tion is not constant in the electrolyte. Therefore, OCV can be explained by Wagner's equation [1] , which is expressed as 
Equation 5 is a classical equation that is still used in modern theoretical calculations [3] . The current-voltage relation to generalize Equation 5 was calculated from the constant field approximation [4] . With mixed conducting electrolytes, there are ionic (Ii) and electronic currents (Ie), even in the absence of an external current (Iext).
Experimental verification of leakage currents using SDC electrolytes (Ie) is necessary, both qualitatively [5] and quantitatively [6] . Two kinds of conclusions can be made when the experimental results are different from theoretical results:
If there is confusion between Case 1 and Case 2, problems will arise in the use of mixed ionic electronic solid conductors (MIECs), not only in SOFCs but also in other every area of solid-state ionics. The problem has to be solved considering the electric field in MIECs [9] . Thus, even though papers have been published in similar areas, no approach has been taken that considers the electric field (E) in MIECs. In this report, a new calculation method considering E is expressed from Wagner's equation and expressed in the Choudhury and Patterson style [10] , using a definition of E that will be discussed in detail. Furthermore, the polarization voltage losses are taken into account.
NEW CALCULATION METHOD FOR THE CURRENT-VOLTAGE RELATION IN MIECs

Basic Theorem for Numerical Calculation
To calculate the current-voltage relation in MIECs, we consider the following: (6) r < 0
where r is the ratio of the ionic to the electronic current, which is constant throughout the electrolyte under steady-state conditions. Equation 6 was used by Choudhury and Patterson [10] .
I e = V cell R e (10) where Vcell and Iext are the cell voltage and output current, respectively. From Equations 6, 8, 9 and 10,
V cell = R e r R i R e V th (12) V cell = R e r R i R e V th = t ion (r + 1) t ion r V th = f (r) V th (13) where f(r) is solely a function of r. If tion is not constant for the electrolytes, then f(r) is not constant.
Therefore, the generalized version of Wagner's equation is as follows: Principle 2: A numerical method that uses a spatial discretization approach with many mesh elements is useful for calculating the precise electric field in the electrolyte without using any assumptions
The thickness of each mesh is
where faverage(r) is equal to f(r) in Equation 13 , laverage is the average thickness of every mesh, and fmesh(r) and lmesh represent f(r) and the actual thickness of each mesh, respectively. Equation 17 demonstrates that lmesh should be very small when fmesh(r) is near 1. A mathematical proof of Equation 17 is given in the Appendix. Equation 17 is important for two reasons: (1) it is a basic theorem that enables numerical calculations to be performed easily (described in section 2.2), and (2) it is necessary for the mathematical definition of the electrical field (described in section 4).
Calculation Procedure
Basic Calculation Procedure
The calculation procedure is separated into three steps: 
Basic Data for Calculation
Calculations were performed using the Microsoft Excel software package, and only five basic data points were required. To greatly simplify the calculation, the ionic resistance of the electrolyte was assigned the value of 1 ohm. The correction for different ionic resistances is very simple. The value r is the ratio of the ionic to the electronic current, which is constant throughout the electrolyte under steady-state conditions. One calculation seat is needed for each r. An example sat using 30 meshes when r is -2 is shown in Table 1 . The precision of the calculation improved when the number of mesh elements was increased.
Step 1: Input r (e.g., r = -2).
Step 2: log(
is calculated in column 1.
here, pO 2 _ mesh and m are the partial oxygen pressure in each mesh and the mesh number, respectively.
Step 3: pO 2 _ mesh is calculated from log( pO 2 _ mesh ) in column 2.
Step 4:
is calculated using Equation 16 in column 3.
here, t ion _ mesh is the ionic transference number of each mesh.
Step 5: f mesh (r) = t ion _ mesh (r + 1) t ion _ mesh r is calculated using Equation 13 in column 4.
Step 6: f average (r) =
Here Vcell, Ii and Ie can be calculated from faverage(r) using Equations 6, 9 and 10. Thus, by inputting many different values of r, the current-voltage relation for the MIEC can be obtained.
Procedure 2: Electrical Potential in a MIEC
To calculate the electric potential in the electrolyte, the following is performed:
Step 7:
) is calculated using faverage(r) and Equation 17 in column 5.
Step 8: The distance from the cathode (
calculated in column 6.
Step 9: V mesh = f mesh (r) Vth N is calculated in column 7.
Step 10: The electric potential of the electrolyte is calculated
Calculation Procedure with Polarization Voltage Losses
In where Rcathode and Ranode are the ionic polarization resistances on the cathodic and anodic sides of the electrolyte, respectively. The main problems concerning polarization voltage loss are the decreasing cathode oxygen pressure and increasing anode oxygen pressure in the electrolyte. 
CALCULATION RESULTS
Calculation Situation
Calculations were performed using 500 mesh elements in the Microsoft Excel software package. The temperature was 873 K. Pure oxygen gas (1 atm) was fed to the cathode, and hydrogen gas with 3% steam was supplied as the fuel gas to the anode (partial oxygen pressure is 8.3 10 28 atm). Vth was 1.174 V, and pO 2 * was 2 10 25 atm [6] . The conductivity was 0.02 S/cm. Using 1-cm 2 electrodes, the thickness was 0.02 cm when Ri was 1 ohm.
I-V Relations without Polarization Voltage Losses
The calculations for the relationship between tion and log(pO 2 ) are shown in Fig. (1) . These results agree with previous reports [6] . The calculation results at various values of r are shown in Table 2 .
From Riess's model [4] , 
where , q and Re_cathode are the reciprocal of the multiplication of the Boltzmann constant and the absolute temperature, the elementary charge and the electronic These results agree with previously reported experimental results. The calculation results agree with Eq. 9. The calculated electronic current, external current and power output match the values predicted by Reiss' model.
Calculation Results with Polarization Voltage Losses
Calculation Situation Considering Polarization Voltage Losses
Calculations were carried out using 30 mesh elements in Microsoft Excel. The parameters used in the calculations are identical to those described above in Section 3.1 for the calculations performed using 50 mesh elements. Rcathode was 0.3 ohm and Ranode was 0.5 ohm.
Fig. (5).
External current-power output relation.
Calculation Results with Polarization Voltage Losses
Calculation results at various values of r are shown in Table 3 Using a linear assumption to calculate polarization voltage losses, the I-V relation should be a line. These results confirm the validity of the calculation. These results confirm the validity of the calculation.
DISCUSSION
The Conventional Calculation of the Electric Field
The superiority of this numerical method for solving the generalized version of Wagner's equation using the Choudhury and Patterson style is in the simplicity of its mathematical definition of electrical field. There is no electric field in the ionic conductors without current because ionic carriers neutralize the electric field. This means that dV/dx is not E, and E is expressed as [12] .
so,
where i and S are the ionic conductance and electrode area. In Equation 25, E has the same value in every mesh element. Equation 26 is the ohmic law. Thus, the constant field approximation is verified. This means that Riess's model is compatible with the generalized version of Wagner's equation using the Choudhury and Patterson style. Consequently, the constant field approximation (linear assumption) is not an approximation but the direct deduction from Wagner's equation.
The Limitations of Wagner's Equation Considering E
The calculated relationship between the distance from the cathode and electrostatic potential under OCV conditions is shown in Fig. (12) . The calculated relationship between the distance from the cathode and log (E) under OCV conditions is shown in Fig. (13) . Under the OCV condition, a large voltage drop (0.46 V) was observed within 0.02% of the thickness of the electrolytes near the cathode. For 0.02-cm-thick electrolytes, this distance was 40 nm. The lattice constant was 0.54 nm, which means that there were only 74 lattice elements within the 40-nm distance.
For ions, next equation is right:
Here Eions is electrical field for ions. But for electrons
Here Eelectrons is electrical field for electrons. So the definitions of E are different between ions and electrons. In doped ceria electrolyte, the pass ways of ions and electrons are different, so there are no problems about the definitions different of E.
Ionic transference number can be measured only when Eelectrons are small enough to cause dielectric break down.
The value of E increases with an increase in fmesh(r). Consequently, E cannot be constant. This means that the constant field approximation in Riess's model cannot be used in this case.
Furthermore, as is shown in Fig. (13) , a serious problem was discovered in our calculation. Even for an electrolyte that was 0.02-cm-thick, E near the cathode was greater than 800 kV/mm. This value is sufficiently large to cause dielectric breakdown, as Pyrex glass at 1-mm thickness undergoes dielectric breakdown at only 20 kV. However, a dielectric breakdown, which would manifest itself as pinholes or sharp current noises, has never been reported. As a valuable practical aspect, the entire system stability will be lost. From Equation 28, fmesh(r) is;
From Equation 29, fmesh(r) is 0.99997 with E, faverage(r), L and Vth at 20 kV/mm, 0.898, 0.02 cm and 1.174 V, respectively. Thus, pO 2 _ mesh is 2.46 10 7 atm. This value is much smaller than the cathode oxygen gas pressure 1 atm; thus, it is difficult to avoid a large electric field in the electrolyte. One solution may be considering cathode polarization voltage loss, which is described in the next section. Fig. (12) . Relationship between the distance from the cathode and the electrostatic potential.
A large voltage drop was observed in 0.02% of the thickness of the electrolyte near the cathode. Fig. (13) . Relationship between the distance from the cathode and log (E).
Electrical Field Considering Polarization Voltage Losses
The calculated relationship between the distance from the cathode and log (E) under OCV conditions is shown in Fig.  (14) . Even when polarization voltage losses were considered, E near the cathode was greater than 300 kV/mm, sufficiently large to cause a dielectric breakdown. 
This value is too large. So it is impossible to avoid large electric field in the electrolyte. Presently, very thin electrolytes (e.g., 0.01 mm) can be constructed. In this case, the E becomes 20 times larger in value. Consequently, theoretical limitations cannot be solved, even when polarization voltage losses are taken into account. Fig. (14) . Relationship between the distance from the cathode and log (E) considering polarization voltage losses.
CONCLUSIONS
In this report, a new calculation method that considers the electric field is expressed only from Wagner's equation to solve the current-voltage problem in MIECs. The calculated results match values from conventional models. We found that the constant field approximation (linear assumption) is not an approximation but a direct deduction from Wagner's equation.
However, the definition of E should be changed when there is a large voltage drop in the thin area of the electrolyte when compared with the lattice constant. The electric field near the cathode was sufficiently to cause a dielectric breakdown, which has never been reported. Consequently, there are limitations to Wagner's equation, which come from the limits of linear transport theory. These limitations cannot be solved even considering polarization voltage losses.
The experimental verification of leakage currents using SDC electrolytes has already been noted, both qualitatively and quantitatively. Two types of conclusions exist when the experimental results are different from the theoretical results:
Case 1: The theory is perfect; however, there are technological problems.
Case 2: There is a voltage loss that cannot be explained by any available theories.
If there is confusion between Case 1 and Case 2, problems will arise in the use of MIECs, not only in SOFCs but also in every other area of solid state ionics. Leakage currents in SOFCs using doped ceria electrolytes must be fully verified theoretically.
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APPENDIX 2
The comparison with data between in this report and the previous report [13] are explained in this Appendix 2.
The value of E (=Vcell/L) to calculate the constant field in [13] became larger than shown in Equation 25. But any other results in this report are compatible with those in [13] , since Equation 17 in this report is same with Equation 18 in [13] , even though Equation 6 in this report is different from Equation 10 in [13] .
